Abstract. This paper studies singular contact reduction for cosphere bundles at the zero value of the momentum map. A stratification of the singular quotient, finer than the contact one and better adapted to the bundle structure of the problem, is obtained. The strata of this new stratification are a collection of cosphere bundles and coisotropic or Legendrian submanifolds of their corresponding contact components.
Introduction
The main goal of this paper is to carry out the singular reduction of cosphere bundles at the zero value of the contact momentum map. This presents interest because cosphere bundles carry considerably more structure than a general contact manifold and have the same privileged position in contact geometry that cotangent bundles have in symplectic geometry.
Contact reduction appears for the first time in the work of Guillemin and Sternberg [9] in the context of reducing symplectic cones. Albert [1] and, several years later, Geiges [7] and Loose [12] independently defined and studied contact reduction at the zero value of the contact momentum map for free proper contact actions of Lie groups. Reduction at a general value of the momentum map was studied by both Albert [1] and Willett [19] who proposed two different versions of dealing with it. It turns out that Willett's method is the one that naturally parallels the symplectic reduction theory, even in the singular case as shown by Lerman and Willett [11] . They prove that the resulting contact quotient, at any value of the momentum map, depends only on the contact structure, that it is independent of any contact form that defines the contact foliation, and that it is a stratified space, more precisely, a cone space.
The case of cosphere bundle reduction for proper free lifted Lie group actions was studied in [5] with a view of comparing the theory to that for cotangent bundle reduction. It turns out that in regular contact reduction of cosphere bundles there are no analogues of magnetic terms. In parallel, in [16] the authors have developed the theory of singular cotangent bundle reduction at the zero value of the momentum map and have found a finer stratification than that given by the general theory due to the additional structure of the cotangent bundle and the fact that the Lie group action is a cotangent lifted action. A similar phenomenon occurs in contact reduction of cosphere bundles. Applying the general theory of singular contact reduction due to Lerman and Willett [11] yields contact stratified spaces that, however, lose all information of the internal structure of the cosphere bundle. Based on the cotangent bundle reduction theorems, both in the regular and singular case, as well as regular cosphere bundle reduction, one expects additional bundle-like structure for the contact strata. The cosphere bundle projection to the base manifold descends to a continuous surjective map from the reduced space at zero to the orbit quotient of configuration space, but it fails to be a morphism of stratified spaces if we endow the reduced space with its contact stratification and the base space with the customary orbit type stratification defined by the Lie group action. The present paper introduces a new stratification of the contact quotient at zero, called in what follows the C-L stratification (standing for the coisotropic or Legendrian nature of its pieces) which solves the above mentioned two problems. Its main features are the following. First, it is compatible with the contact stratification of the quotient and the orbit type stratification of the configuration orbit space. It is also finer than the contact stratification. Second, the natural projection of the C-L stratified quotient space to its base space, stratified by orbit types, is a morphism of stratified spaces. Third, each C-L stratum is a bundle over an orbit type stratum of the base and each contact stratum can be seen as a union of C-L pieces, one of them being open and dense in its corresponding contact stratum and contactomorphic to a cosphere bundle. The other strata are coisotropic or Legendrian submanifolds in the contact components that contain them.
The paper is structured as follows. Section 2 presents the definitions, conventions, and results on stratified spaces and contact reduction (regular and singular) that are used throughout the paper. Section 3 quickly reviews the relevant results on regular contact cosphere reduction. Section 4 presents the stratification of the zero level set of the momentum map and begins the work on the stratification of the quotient by studying the case of one single orbit type (Theorem 4.1). The contact stratification and contact geometry of the reduced space are studied in Section 5, having as main results Theorems 5.1 and 5.2. The new C-L stratification is also introduced here and its properties are investigated. Theorem 5.3 presents a complete description of its frontier conditions. Section 6 studies the singular cosphere bundle reduction for almost semifree actions, that is, actions that are in bijective correspondence with free lifted actions on the cosphere bundle. The stratification is computed explicitly and the particular case of the circle acting on the cosphere bundle of the plane is carried out in detail. Section 7 studies the example of the diagonal action of the two-torus on two copies of the plane, lifted to the cosphere bundle. This example is rich enough to illustrate the relationships between the various stratifications and the strata are computed explicitly.
Preliminaries
In this section we will survey the main results of several topics that will be needed in the subsequent development of the paper. We will assume that all topological spaces are paracompact. In addition, manifolds will be real, smooth and finitedimensional. By group we will mean a finite-dimensional Lie group. Every action of a group G on a manifold M is supposed to be smooth and the usual notation g · m for g ∈ G and m ∈ M will be employed. The natural pairing between a vector space and its dual will be denoted by ·, · . By submanifold, we will always mean an embedded submanifold.
2.1. Stratified spaces and proper group actions. The natural framework for singular reduction is the category of stratified spaces. We briefly recall here the basic concepts (see [17] ). Let X be a topological space and Z X = {S i : i ∈ I} a locally finite partition of X into locally closed disjoint subspaces S i ⊂ X, where I is some index set. We say that (X, Z X ) is a decomposed space if every S i is a manifold whose topology coincides with the induced one from X and if the frontier condition holds: S i ∩ S j = ∅ implies S i ⊂ S j , whence S i ⊂ ∂S j , where ∂S j := S j \S j . In this case, the elements of Z X are called pieces of the decomposition.
In a topological space X, two subsets A and B are said to be equivalent at x if there exists an open neighborhood U of x such that A ∩ U = B ∩ U . These equivalence classes are called set germs at x. Let S be the map that associates to each point x ∈ X the set germ S x = [O] x of a locally closed subset O of X. We say that (X, S) is a stratified space if, for every point x ∈ A there exists a neighborhood U of x endowed with a decomposition Z U such that for every y ∈ U , S y = [Z(y)] y , where Z(y) ∈ Z U denotes the piece containing y. In this case we say that the decomposition Z U locally induces S.
Given two stratified spaces (X, S) and (Y, T ) and a continuous map f : X → Y , we say that f is a morphism of stratified spaces (or shorter, a morphism) if for every x ∈ X there exist neighborhoods V of f (x) and U ⊂ f −1 (V ) of x such that (i) there exist decompositions Z U and Z V locally inducing the stratifications S and T respectively, with the property that for every y ∈ U contained in a piece S ∈ Z U there is an open neighborhood y ∈ W ⊂ U such that f W (S ∩ W ) is contained in the unique piece R ∈ Z V that contains f (y), and
In addition, we will say that f is a stratified immersion (resp. submersion, diffeomorphism, etc...) if so are all the maps f S ∩ W for every point x ∈ X. Given two different stratifications S and S ′ on the same topological space X, we say that S is finer than S ′ if the identity map 1 X , viewed as a map between stratified spaces (X, S) → (X, S ′ ), is a morphism. Smooth manifolds are trivially stratified spaces and smooth maps between manifolds are their morphisms. Note that a decomposed space (X, Z X ) induces naturally a stratification (X, S) by just taking S x to be the set germ of the piece containing x, for every x ∈ X. In this case, we call the pieces S i ∈ Z X the strata of (X, S) and say that they satisfy the frontier conditions defined by the underlying decomposition. In this paper the stratifications that will appear will be of this form and thus, for the sake of simplicity, when this is the case we will work most of the time with the decompositions inducing these stratifications.
Let φ : G × M → M be a smooth action of the Lie group G on the manifold M . Since M is paracompact it admits a Riemannian metric so if it is connected, M is second countable. The action is called proper if φ × id M is a proper map. In this paper we only work with proper actions. For instance, every action of a compact group is automatically proper. The main properties of a proper action of G on M are:
(i) For each m ∈ M , its stabilizer (or isotropy group) G m is compact. M/G is a smooth manifold, the orbit map π : M → M/G is a smooth locally trivial fiber bundle whose fibers are diffeomorphic to G/H, and the structure group of this locally trivial fiber bundle is N (H)/H, where N (H) is the normalizer of H in G.
We now quote Palais' Tube Theorem [15] in a form adapted to our needs, which is of great importance in the local study of proper actions. Let m ∈ M . Choose an invariant Riemannian metric on M and use it to decompose
for h ∈ G m , g ∈ G and s ∈ S m . Since G m acts freely on the right on G, the twisted action is free. In addition, G m is compact by property (i) of proper group actions, so the quotient space, denoted by G × Gm S m , is a manifold. The Tube Theorem implies the existence of a G m -invariant open ball U around the origin in S m such that the map ψ :
maps G× Gm U diffeomorphically and equivariantly onto a G-invariant neighborhood
Here, exp m is the exponential map at m associated to the chosen Riemannian metric. The map ψ is called a tube for the action and S m is called a linear slice, or simply a slice of the action at m.
Let I M be the isotropy lattice of M , i.e. the set of conjugacy classes of subgroups of G which appear as stabilizers for the action of G on M . Such classes, called orbit types, are denoted by (H) . For each element (H) ∈ I M the (H)-orbit type manifold is defined by
In the same way, for any subset A of M one defines the orbit type sets of A by Obviously, the collection of orbit type manifolds forms a partition of M . For simplicity, we will make from now on the following important assumption: for every (H) ∈ I M , all the connected components of M (H) have the same dimension and M is second countable. Hence we have: 
and correspondingly for M , where (L) ≺ (H) means that L is conjugate to a proper subgroup of H. Since ≺ defines a partial ordering in I M we say that the frontier conditions of the stratification of M/G are induced by the isotropy lattice I M .
Remark 2.1. If one allows the connected components of the orbit type manifolds to have different dimensions, then one needs to work in the larger category of Σ-manifolds and Σ-decompositions. A Σ-manifold is a countable topological sum of connected smooth manifolds having possibly different dimensions (see [17] for more details). However, our results on the stratified nature of the studied quotient spaces remain valid.
Reduction of Contact Manifolds.
Recall that a contact structure on a smooth (2n + 1)-dimensional manifold C is a codimension one smooth distribution H ⊂ T C maximally non-integrable in the sense that it is locally given by the kernel of a one-form η with η ∧ (dη) n = 0. Such an η is called a (local) contact form. Any two proportional contact forms define the same contact structure. A contact structure which is the kernel of a global contact form is called exact. In the case of exact contact manifolds, dη has rank n implying the existence of the Reeb vector field R uniquely defined by
In the following we will consider only exact orientable contact manifolds.
When studying the geometry of the singular reduced spaces of cosphere bundles one needs the notions of coisotropic and isotropic submanifolds in the contact context. Any integral submanifold N of H has the property that its tangent space at every point is an isotropic subspace of the symplectic vector space (ker η x , d η x ) and that's why, sometimes, they are also called isotropic submanifolds. In particular, dim N ≤ n; if dim N = n, then N is called a Legendrian submanifold. A submanifold N of the contact manifold (C, η, R) is coisotropic if for any x ∈ N the subspace T x N ∩ ker η x is coisotropic in the symplectic vector space (ker η x , d η x ).
A group G is said to act by contactomorphisms on a contact manifold if it preserves the contact structure H. For an exact contact manifold (C, η), this means that g * η = f g η for a smooth, real-valued, nowhere zero function f g . G acts by strong contactomorphisms on C, if g * η = η, i.e. G preserves the contact form, not only the contact structure. A G-action by strong contactomorphisms on (C, η) admits an equivariant momentum map J : N → g * given by evaluating the contact form on the infinitesimal generators of the action: J(x), ξ := η(ξ C )(x). Note the main difference with respect to the symplectic case: any action by strong contactomorphisms is automatically Hamiltonian. Note also that orbits which lie in the zero level set of the contact momentum map are examples of isotropic submanifolds. For more details on contact manifolds and their associated momentum maps see [2] , [8] , and [19] .
Reduction theory for co-oriented contact manifolds in the singular context was introduced by Willett in [19] . We now review briefly this construction at zero momentum, since it will be used in our next refinement to the cosphere bundle case. Let G be a group that acts by strong contactomorphisms on an exact contact manifold (C, η). By the definition of the momentum map, its zero level set is a G-space. The contact quotient (reduced space) of C at zero momentum is defined
Note that, as in the symplectic case, this quotient is in general a singular space. 
is a smooth manifold and the partition of the contact quotient characterized by
where
is the projection on the orbit space andĩ (H) :
In what follows this stratification will be referred to as the contact stratification of C 0 .
Regular cosphere bundle reduction
Cosphere bundles are the odd dimensional analogs of cotangent bundles in contact geometry. In the following, we will briefly recall their construction and their equivariant regular contact reduction, referring to [5] and [18] for more details.
Let Q be a n-dimensional manifold and θ the Liouville one-form on T * Q, defined by θ(X px ) = p x , T px τ X px , where p x ∈ T * x Q, X ∈ T px (T * Q), and τ :
its natural (left) lift to the cotangent bundle. Consider the action of the multiplicative group R + by dilations on the fibers of T * Q \ {0 T * Q }.
Also, we will use the π + notation for any R + projection. The exact contact structure of S * Q is given by the kernel of any one form θ σ satisfying θ σ = σ * θ for σ : S * Q → T * Q \ {0 T * Q } a global section. Such σ always exists and, even more, the set of global sections of this principal bundle is in bijective correspondence with the set of
(See [5] for details).
Remark 3.1. 1. Let C(S * Q) = S * Q × R + be the symplectic cone over S * Q, endowed with the symplectic form d(tθ σ ). Then one can easily see that
The action Φ lifts to the cosphere bundle yielding a proper action
by contactomorphisms with all scale factors positive. In [10] it has been proved that for any proper action which preserves an exact contact structure, there exists a Ginvariant contact form. As every contact form on the cosphere bundle is obtained via a global section as above, we shall chose once and for all a section σ for which ( Φ * g ) * θ σ = θ σ . Relative to this contact form the induced action on the cosphere bundle is by strong contactomorphisms. The associated momentum map, which depends on the section σ, will be denoted J for simplicity, since in what follows no other contact form different from θ σ will be used. As above, the exact contact structure of S * (Q/G) can be described as the kernel of a global contact form of type Θ Σ , where Σ :
is a global section, and Θ is the Liouville one-form of T * (Q/G). Regular reduction of cosphere bundles was done in [5] . Its main result at zero momentum is Theorem 3.1. Let G be a finite dimensional Lie group acting freely and properly on a differentiable manifold Q. Then (S * Q) 0 , the reduced space at the regular value zero of the cosphere bundle of Q, is contact diffeomorphic to the cosphere bundle S * (Q/G).
In the remainder of this paper, we will generalize this result to non-free actions, within the framework of stratified spaces, relating our results to the contact stratification defined in Theorem 2.1.
The decomposition of
The geometric study of the contact reduced space (S * Q) 0 passes through the analysis of the level set J −1 (0) and, in particular, of its isotropy lattice I J −1 (0) . We shall use the fact that both the cosphere bundle S * Q and the lifted action of G on it are completely determined by the differential structure of Q and its supported G-action. This will allow us to obtain our first main result, Proposition 4.1, which describes this isotropy lattice, and hence the topology of the contact stratification of (S * Q) 0 , in terms of the isotropy lattice of Q without those elements corresponding to zero dimensional orbit types. Also, as a preliminary result, and a "building block" for the general construction, we state an intermediary cosphere reduction result, Theorem 4.1, which applies to base manifolds Q on which the group action is not free but exhibits a single orbit type, that is, I Q consists of only one element. 
Proof. It is enough to show that
Since the action of G on Q is proper, there is a G-invariant Riemannian metric on Q and hence gα q = α q = r α q . It follows that r = 1 and G [αq] ⊂ G αq . The other inclusion being obvious, the proof is now complete.
Remark 4.1. We will write J ct : T * Q → g * for the canonical momentum map for the cotangent-lifted action of G on T * Q endowed with the canonical symplectic form. As
The following theorem is an immediate consequence of Theorems 3.1 and 2.1. 
In the following proposition we give the decomposition of J −1 (0) and show how the topology of the contact quotient at zero is completely determined by the isotropy lattice of Q. For that, we will use the following partition of T * Q. We fix once and for all a G-invariant Riemannian metric on Q. Then, for any (H) ∈ I Q , the restriction of T Q to the embedded submanifold Q (H) can be decomposed as the Whitney sum
. Note that each of the elements of the Whitney sum are G-invariant vector bundles over Q (H) . Dualizing this splitting over each orbit type submanifold in Q, we obtain the following G-invariant partition of T * Q:
Now, the restriction of this partition to T * Q\{0 T * Q } and afterwards its quotient by the action of R + , induces a G-invariant partition of S * Q. Let I * Q denote the isotropy lattice of Q without those elements corresponding to orbit type manifolds (H) for which the orbits of the restricted G-action have the same dimension as Q (H) . At this moment, we will need some results on cotangentlifted actions, which were proved in [16] . 
Proposition 4.1. Suppose G acts properly on the manifold Q. Then we have: 
are G-equivariant smooth surjective submersions onto Q (L) and Q (H) respectively. The mappings J ct(H) and J (H) denote the momentum maps of the restricted actions of G to T * Q (H) and S * Q (H) respectively (which are the same as the canonical momentum maps for the restricted G-action on
, where S H q is the linear slice for the G-action on Q (H) (see section 3 of [16] ).
2) from where the result follows.
(ii) is a forward consequence of (i). The rest of this statement and the Gequivariant continuous surjectivity of k (L) are direct consequences of the fact that
Applying (4.1) and the fact that (
Hence, applying π + to this relation, we get
which proves statement (iv).
As for the proof of (v), it is enough to notice that
are bundles over Q (L) and Q (H) respectively. 
and that the actions of G and R + commute, we can define:
Notice that for the above equivalence we have applied Theorem 4.1 and that each contact stratum admits the following partition, which is the quotient of (4.2):
Remark 5.1. In the notations of the previous section, the maps k (L) , t (L) , and
is an open continuous surjection and the other two are smooth surjective submersions.
Theorem 5.1. With the above notations, we obtain the following:
, for all (L) (H) and with frontier condition given by Proof. Since the G-action is proper, the orbit type decomposition of Q induces a stratification of Q/G and the first part of the theorem follows immediately considering the relative topology of Q (L) in Q/G. Also, (5.1) is a locally finite partition and its pieces are obviously submanifolds of C
0 . In order to prove the density, let x ∈ C
and that there is at least an element in ( t (L) ) −1 (y) which is in U. This means that U ∩ CC (L) = ∅ which proves the density of CC (L) .
Using the density of CC (L) , the first frontier condition for the secondary stratification becomes obvious. For the second one, consider in C
As k (L) restricted to each piece of the secondary decomposition is surjective, Remark 5.1 immediately implies that this map is a stratified surjective submersion.
We will refer to the strata of the form CS (H)≻(L) as contact seams due to their stitching role that will be explained later in Remark 5.3.
This theorem completes the topological description of each contact stratum C (L) 0 in terms of its secondary stratification. We shall now begin the investigation of geometrical aspects, namely to what extent the strata of this secondary stratification admit canonical contact structures in the sense that the 1-forms generating them are induced by some cosphere bundle structures compatible with the reduced contact form on the contact stratum. Thus, denote by is a contact form on the cosphere bundle of Q (H) . Observe that the restricted projection onto the first factor
is R + and G-equivariant so it descends to the surjective submersion
G is an open and dense submanifold of the contact seam CS (H)≻(L) . Then, for any pair (H) ≻ (L), we have the following bundle map covering the identity on Q (H)
which is also a surjective submersion. We are now able to endow each cosphere-like stratum CC (H) and each CS
• (H)≻(L) with 1-forms given by:
, and
It is impossible to induce in this way a 1-form on the whole piece CS (H)≻(L) and hence we are forced to restrict ourselves, for the time being, to CS
However, we will show later how to extend this form to the whole CS (H)≻(L) .
Theorem 2.1 gives the existence of an abstractly defined contact structure on each contact piece C 
Σ ). (ii) Using the above notations, the conformal classes of η (L) and η (H)≻(L) admit smooth extensions to
C (L) 0 equivalent to θ σ (L) 0 , namely θ σ (L) 0 CC (L) ≃ η (L) and θ σ (L) 0 CS • (H)≻(L) ≃ η (H)≻(L) .
The extension of η (L) is unique. (iii) The conformal class of η (H)≻(L) can be smoothly and uniquely extended to the whole stratum CS (H)≻(L) . If (H)
is a Legendrian submanifold of the contact stratum C For (ii), let (L) and (H) be two fixed elements of I * Q and I Q respectively and i
To simplify the reading of the proof, consider the two figures 1 and 2 where
denote the canonical G-projections and all the horizontal arrows in the first and second diagram are injections and projections respectively.
As π
(H)≻(L) G
• π + is a submersion, it suffices to prove that
where in the last line we have used Theorem 2.1 together with the equality
, with j (H) and Φ inclusions defined by:
Using this timeπ (H)
• π + , we can write the second term of (5.4) as: 
, where θ and θ (H) are the canonical one-forms on T * Q and T * Q (H) respectively, and σ, Σ are sections in the associated cosphere bundles. But p * (H) θ (H) = j * (H) θ, as it can be easily seen in local coordinates, which proves (5.4).
As for the extension of the conformal class of η (L) , an analogous proof can be developed just by considering the limit case (H) = (L), when CS
. In order to prove the uniqueness of this extension, let us consider a point x ∈ C (L) 0 and one tangent vector
0 , there is a sequence of points x k ∈ CC (L) and one of vectors
From the above arguments and using the continuity of θ σ
. We have thus proved that the class of θ σ
is the unique smooth extension of the class of
to the whole piece CS (H)≻(L) , we will apply the same type of arguments as before, using this time that CS
is open and dense in CS (H)≻(L) . Namely, for any point x ∈ CS (H)≻(L) and any
Observe that
0 (x)(v x ) and notice that this extension is also unique and given by the conformal class of θ σ
To check the coisotropy and Legendrian submanifold conditions, let x ∈ CS
is open in the corresponding contact stratum. At this point we need the following intermediate result.
Lemma 5.1. The dimension of the tangent space to a contact seam is
Proof. We want to compute dim T x CS (H)≻(L) = dim CS (H)≻(L) . For this, let π(z) = k 0 (x) be the base point of x, where z ∈ Q (H) with G z = H and note that dim
Where the class (L) refers to the linear H-action on the vector space J −1
On the other hand, the inverse of the Riemannian bundle isomorphism T Q → T * Q maps (J −1
. Now, if ψ, U , and U ′ are like in the Tube Theorem (2.2), then ψ restricts to a diffeomor-
Finally we obtain dim
Consequently, a simple dimension count gives and that T x CS
0 (x) and
One can easily check that V x is a one dimensional vector space and that for any x ∈ CS
This shows that rank
, by an extension argument similar to the one used before, we have that CS (H)≻(L) is also a coisotropic submanifold of the corresponding contact stratum.
If (H)
0 (x) and by the definition (5.3) η (H)≻(L) = 0 since S * Q (H) is the trivial bundle, proving thus that the
0 . Remark 5.2. Note that the contact seams CS (H)≻(L) can never be contact submanifolds of C (L) 0 . 5.2. The C-L stratification of C 0 . In this subsection we prove the existence of a new stratification of the contact reduced space C 0 , different from the contact stratification in Theorem 2.1. The existence of this new stratification, that we call the C-L stratification since its strata are coisotropic or Legendrian submanifolds of the corresponding contact stratum, is due to the bundle structure of the contact manifold that we start with. We will see that the C-L stratification is strictly finer than the contact one, if the base manifold Q has more than one orbit type. In principle, this is not an advantage since the contact stratification partitions the singular contact quotient in less and larger smooth components. However, if we take into account the bundle structure of the problem we can see why this new stratification is more appropriate.
The most important feature of regular cosphere bundle reduction, Theorem 3.1, is that if we start with the cosphere bundle of a manifold Q, we end up again with a cosphere bundle, this time over Q/G. Furthermore, the reduced contact structure on S * (Q/G) equals the canonical cosphere contact structure. In the singular setting however, the lack of smoothness of the quotient spaces involved forces us to choose another definition of fibration. The most natural one when working with decomposed or stratified spaces is the following: if A and B are decomposed spaces together with a continuous surjection f : A → B, we say that f : A → B defines a stratified bundle over B if f is a morphism of decomposed spaces. In our case, there is a natural projection k 0 : C 0 → Q/G induced from the cosphere bundle projection k : S * Q → Q. If we consider the natural orbit type stratification of Q/G and the contact one of C 0 , then the projection does not define a stratified bundle over Q/G since the image of a contact stratum C (L) 0 under the projection is Q (L) which includes several orbit type strata of Q/G. We will prove that the choice of the coisotropic stratification for the contact quotient C 0 solves this problem.
Consider the partition of C 0 obtained by putting together all the secondary strata found in every contact stratum:
for every pair of classes (L), (K) ∈ I * Q and every (K ′ ) ∈ I Q . 
Proof. For (1) = CC (H) (assuming dim Q = 0) and its contact and C-L stratifications are both trivial and identical. If there is more than one orbit type in the base, the number of C-L strata is strictly higher than the number of contact strata (which is equal to the number of orbit types of I * Q ). The identity map in C 0 injects each C-L stratum in the unique contact stratum to which it belongs and is hence a morphism of stratified spaces. Therefore, the C-L stratification is finer than the contact one. For (4), relations (ii) and (iv) follow from the frontier conditions of the secondary stratum C 
. We can assume without loss of generality that G x = H ′ and that the projection of x, i.e. the point z = k(x) ∈ Q, satisfies
* Q with the unit bundle in T * Q via a G-invariant metric on Q, we have that x is a unit covector lying in the subset of the cotangent fiber at z given by (S in Q/G. These cosphere bundles satisfy the same frontier conditions as their bases, i.e.,
, but in this case there is always a contact seam CS (K)≻(H) between them, which "glues together" these two cosphere bundles, as reflected in conditions (ii) and (iii).
6. Singular actions on the base with regular lifts to the cosphere bundle
In the following definition we introduce a class of actions which may have singularities on Q but that will be proven to yield regular lifted actions on S * Q.
Definition 6.1. An almost semifree action of G on Q is a smooth action such that a) it is free almost everywhere, b) the connected components of every orbit of non-maximal dimension are isolated, and c) for every non-trivial isotropy subgroup H ∈ I Q with Lie algebra h, its induced adjoint representation on (g/h) \ {0} given
Note that for any almost semifree action, the quotient space Q/G consists on an open and dense stratum Q (e) , except possibly for a set of isolated singular points. The next proposition shows that the class of almost semifree actions is in one-to-one correspondence with the class of free actions on S * Q. Proof. Recall that, identifying with the help of a G-invariant Riemannian metric S * Q with the unit bundle SQ ⊂ T Q and T Q with T * Q, G acts freely on S * Q if and only if its tangent-lifted action on T Q is free on the unit bundle, and hence if it is free away from the zero section (since by linearity the lifted action intertwines the fiber rescaling by non-zero factors). Let q ∈ Q with stabilizer G q = H = {e}, S ⊂ T q Q a linear slice for the G-action at q and v = ξ Q (q) + s ∈ T q Q \ {0}. Note that all the admissible ξ's differ by an element of the Lie algebra of H. Then U = G · exp q (S) is a G-invariant neighborhood of the orbit G · q = G · exp q (0) and there is an H-isomorphism f : T q Q → g/h×S given by f (ξ Q (q)+s) = ([ξ] , s), where the H-invariance is with respect to the linear action on T q Q and the diagonal action on g/h×S given by h·(
Suppose first that the lifted action of G on S * Q is free. Then any point q ′ ∈ U \ G · q can be written as q ′ = g · exp q (s) for some 0 = s ∈ S with g ∈ G and
, thus proving that the induced adjoint representation on (g/h) \ {0} is free.
To prove the converse implication, let v ∈ T q Q\{0} as before, with v = s+ξ Q (q 0 ), where s ∈ S and ξ ∈ g. If s is different from zero, multiplying it if necessary by a positive scalar smaller than one, we can guarantee that G · exp q (s) ⊂ U \ G · q. Shrinking U if necessary, we can guarantee that all of the points in U \ G · q 0 have trivial isotropy, since the orbits of non maximal dimension are isolated by hypothesis. Using again the Tube Theorem, the isotropy groups of these points are gH s g −1 = {e}, for every g ∈ G, which forces H s = {e} and hence H v = {e}. In the case when s = 0, we have that G v = H [ξ] = {e}, thus completing the proof.
Remark 6.1. To geometrically express the third condition in Definition 6.1, notice that every non trivial isotropy subgroup H = G q ∈ I Q acts freely on (g/h) \ {0} if and only if for any element h ∈ H the associated diffeomorphism of Q maps bijectively {exp q (tξ) · q : t ∈ R} to {exp q (t Ad h ξ) · q : t ∈ R} for every ξ ∈ g with [ξ] = 0 in g/h.
Notice that this is a major difference with the cotangent bundle case, where the cotangent-lifted action is free if and only if the base action is free as well. In the context of cosphere bundle reduction the reason for the special interest in semifree actions and in finding necessary and sufficient conditions for the freeness of the lifted cosphere action is the following. Given a cosphere bundle C = S * Q with the lift of a proper almost semifree action on Q, if we ignore the bundle structure of the contact manifold C we are in the hypothesis of regular contact reduction, since G acts freely, properly, and by strong contactomorphisms on C. Therefore, the contact reduced space C 0 is a well defined smooth contact manifold.
On the other hand, since the action on Q is not free in general, we cannot apply the main result on regular cosphere bundle reduction of [5] (see Theorem 3.1) because in that case the quotient Q/G will not be a smooth manifold. In fact, one expects C 0 to be a smooth reduced manifold fibrating continuously over the topological stratified space Q/G, but this bundle description cannot be achieved by only applying the scheme of regular cosphere bundle reduction. However, the results of the previous section will allow us to provide such a "stratified bundle" picture of the contact quotient C 0 . Indeed, we have the following result.
Recall that a group action is called semifree if it is free everywhere except for a set of isolated fixed points. Semifree actions are important particular cases of almost semifree actions and they are commonly found in examples. The following example explicitly illustrates the geometric constructions of this paper in that situation. Example: S 1 acting on S * R 2 . Consider Q = R 2 with Euclidean coordinates (x 1 , x 2 ) and its cotangent bundle T * R 2 = R 2 × R 2 with coordinates (x 1 , x 2 , y 1 , y 2 ). The action of S 1 by rotations on R 2 (a semifree action with R 2 (S 1 ) = {(0, 0)}) lifts to T * R 2 by the induced diagonal action. A Hilbert basis for the ring of S 1 -invariant polynomials for this cotangent lifted action is given by (see [3] , §1.4)
These polynomials satisfy the semialgebraic relations
We can identify the cosphere bundle S * R 2 with the subset of T * R 2 given by the constraint
The cotangent lifted action restricts to S * R 2 giving the free lifted action by contactomorphisms. Its associated momentum map is given by
for (x 1 , x 2 , y 1 , y 2 ) ∈ S * R 2 . Consequently, using invariant theory, the contact reduced space J −1 (0)/S 1 is identified with the semialgebraic variety of R 3 = {σ 2 , σ 3 , σ 1 } defined by
This contact reduced space is in fact a smooth manifold since it is the parabola obtained intersecting the plane P = {σ 1 + σ 3 = 2} with the upper half of the cone σ . Its smooth structure is induced from the ambient space R 3 . This was to be expected since the action on the contact manifold S * R 2 is free. However, this reduced space is no longer a cosphere bundle since the action on the base is semifree. We investigate now how the stratified bundle structure of C 0 obtained in the previous sections arises here. Note that Q/G = R 2 /S 1 can be identified with the subset of R 3 given by
which is a half-open line parallel to the plane P containing C 0 . According to the notation employed in this section, Q/G is a stratified space with strata Q (e) and * = (0, 0, 0). The continuous fibration k figure 6 ), where C 0 = L R {(0, 1, 1)}. In addition, recall that Q (e) ≃ R and that
. The fiber over a point (0, −t, t) ∈ Q (e) is the pair of points (2 √ t, 1 − t, 1 + t) and (−2 √ t, 1 − t, 1 + t) which lie in L and R respectively. Finally, the point (0, 1, 1), the minimum of the parabola C 0 , is the seam CS (S 1 )≻(e) lying in the boundary of S * Q (e) . Finally, since both C 0 and S * Q (e) are one-dimensional, their contact structures are trivial, due to the fact that the corresponding contact distributions must be zero-dimensional.
We illustrate the main results obtained in this paper with one more example rich enough to show all the extra structure appearing in the cosphere bundle singular reduction. This time, the reduced contact space C 0 will have dimension bigger than one and will have hence a non-trivial contact structure.
Consider the proper action of G = T 2 on Q = R 2 × R 2 , where each S 1 factor acts by rotations on the corresponding R 2 factor. The isotropy lattice for this action is shown in Figure 4 , where the subconjugation partial order is represented by arrows. Also, the corresponding stratification lattice is shown. A stratification lattice is a graphical arrangement of all the strata of a stratified space where for any two strata A, B with A ⊆ B and such that there is no other stratum C with the properties A ⊆ C and C ⊆ B we write A → B. For the action under study, we have I Q \ I * Q = { T 2 }. Let (x, y) = (x 1 , x 2 , y 1 , y 2 ) be the Euclidean coordinates of a point in Q and z = (x, y, u, v) = (x 1 , x 2 , y 1 , y 2 , u 1 , u 2 , v 1 , v 2 ) the ones of a covector in T * Q ≃ R 4 × R 4 . The ring of G-invariant polynomials on T * Q is generated by
These polynomials, which form a Hilbert basis, are subject to the following semialgebraic relations 
, it is easy to see that its contact structure is given by the kernel of the restriction of the Liouville one-form θ = udx + vdy and that the associated momentum map J : S * R 4 → R 2 is given by J(x, y, u, v) = (ρ 4 , σ 4 ) ∈ R 2 . Consequently, we still have two more constraints to describe the zero-momentum level set: ρ 4 = 0 and σ 4 = 0. Notice that we can also see S * R 4 as the subset of R 8 defined by the additional constraint ρ 1 + ρ 3 + σ 1 + σ 3 = 2. The associated G-invariant Hilbert map is defined by
and we can identify the reduced contact space with the image of γ, i.e. with the semialgebraic variety of R 6 defined by C 0 ≃ {(ρ; σ) ∈ R 6 : ρ 1 , σ 1 ≥ 0, ρ , ρ 1 + ρ 3 + σ 1 + σ 3 = 2} which is the intersection between the product of two cones, C 1 × C 2 and the hypersurface H := {(ρ 1 , ρ 3 , σ 1 , σ 3 ) ∈ R 4 : ρ 1 + ρ 3 + σ 1 + σ 3 = 2}. (see Figure 5 ). The Reeb vector field on S * R 4 is given by R(x, y, u, v) = (u, v, 0, 0) for any (x, y, u, v) ∈ R 4 × S 3 and the flow of the corresponding reduced Reeb vector field on C 0 at a point (ρ 0 ; σ 0 ) is easily computed as ρ 1 (t) = ρ 01 + ρ 02 t + The corresponding contact, secondary and C-L stratification lattices in C 0 are shown in Figure 6 . Notice that (e) is the principal orbit type in Q and, therefore, CC (e) is open and dense in the reduced space C 0 . The contact seams CS (T 2 )≻(S 1 ×e) , CS (T 2 )≻(e×S 1 ) , and CS (T 2 )≻(e) are Legendrian submanifolds of their contact strata, while the rest are coisotropic. Every contact seam is mapped by the flow of the reduced Reeb vector field into the CC-secondary stratum of its corresponding contact stratum as it can be easily checked.
In order to understand the bundle structure of these stratifications, we embed Q in T * Q as the zero section and we identify Q/G with the subset of the image of γ given by Q/G = {(t 1 , 0, −t 1 ; t 2 , 0, −t 2 ) : t 1 , t 2 ≥ 0} ≃ R + × R + , = {(t 1 , 0, −t 1 ; t 2 , ; 0, −t 2 ) : t 1 , t 2 > 0}
and we obtain that the corresponding cosphere-like strata of C 0 are diffeomorphic to the cosphere bundles
The continuous fibration k 0 : C 0 → Q/G is given by k 0 (ρ 1 , ρ 2 , ρ 3 ; σ 1 , σ 2 , σ 3 ) = (ρ 1 − 1, 0, 1 − ρ 1 ; σ 1 − 1, 0, 1 − σ 1 ). 
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